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Moment Closure Hierarchies for Kinetic Theories
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This paper presents a systematic nonperturbative derivation of a hierarchy of
closed systems of moment equations corresponding to any classical kinetic
theory. The first member of the hierarchy is the Euler system, which is based on
Maxwellian velocity distributions, while the second member is based on non-
isotropic Gaussian velocity distributions. The closure proceeds in two steps. The
first ensures that every member of the hierarchy is hyperbolic, has an entropy,
and formally recovers the Euler limit. The second involves modifying the colli-
sional terms so that members of the hierarchy beyond the second also recover
the correct Navier-Stokes behavior. This is achieved through the introduction
of a generalization of the BGK collision operator. The simplest such system in
three spatial dimensions is a “14-moment” closure, which also recovers the
behavior of the Grad “13-moment” system when the velocity distributions lie
near local Maxwellians. The closure procedure can be applied to a general class
of kinetic theories.

KEY WORDS: Kinetic theory; moment closures; hyperbolic systems;
entropy, BGK.

1. INTRODUCTION

Fluid dynamical descriptions of gases rest on the assumption that the mean
free path of a particle (the average distance travelled between collisions) is
much smaller than the macroscopic length scales of interest. In that case
the velocity distribution of particles will approach a local equilibrium
parametrized by so-called fluid variables (typically the mass density, fluid
velocity, and temperature) whose evolution will be governed either by the
compressible Euler equations, which approximate the velocity distribution
by a local equilibrium, or the compressible Navier—Stokes equations, which
account for small deviations of the velocity distribution from a local
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equilibrium. Such fluid dynamical equations are routinely solved numeri-
cally to effectively model gases in a variety of applications. However, when
the basic assumption of fluid dynamics breaks down the deviation of the
velocity distribution from a local equilibrium may become large and
Navier-Stokes equations can yield momentum and energy fluxes that are
inconsistent with nonnegative particle densities and that may even be
wrong by orders of magnitude.

Deviations of the velocity distribution from a local equilibrium can be
modeled by a kinetic theory of dilute gases like that governed by the
Boltzmann equation. The gas is then described by single-particle phase-
space densities (one for each species) rather than fluid dynamical variables
and the evolution of these phase-space densities is then governed by kinetic
equations. In the fluid dynamical regime of small mean free paths the (com-
pressible) Navier-Stokes equations can be systematically recovered as the
first-order correction to the Euler equations by using either a Hilbert or
Chapman-Enskog expansion. Far outside the fluid dynamical regime one
may abandon fluid dynamics in favor of the full kinetic model, which may
be effectively solved via molecular dynamics or Monte Carlo methods'® at
low enough densities. However, because of its phase space description and
numerical stiffness, the computational cost of doing so in regimes near the
fluid dynamical limit becomes too prohibitive in both time and storage
requirements to allow for general usage.

This leaves a gap in our ability to efficiently model gases in the regime
that lies between free molecular flow and fluid dynamics, the so-called
transition regime. The objective of this article is to present models that fail
gracefully as one leaves the fluid dynamical regime. More precisely, we seek
models that properly capture the fluid dynamical regime when the mean
free path is much smaller than the macroscopic length scales, while in the
transition regime they give values for the momentum and energy fluxes
(and other quantities) that are at least consistent with the nonnegativity
of the particle density, and are thereby hopeful of the correct order of
magnitude. By doing so, such models may provide a bridge over the trans-
ition regime that may be useful in the construction of hybrid fluid/kinetic
simulations.

One strategy to describe deviations from fluid dynamics is to close
systems of moment equations such as typified by the 13-moment closure of
Grad."'"® This strategy introduces dynamical equations for velocity
moments of the particle distribution beyond those of the conserved mass,
momentum, and energy densities. The additional equations are not local
conservation laws, but rather local relaxation laws that include moments of
the collision operator. Any closure of this enlarged system must
approximate both the higher flux moments and the collision operator
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moments. These closures often use relations that are only justified when the
particle distribution is near a local equilibrium, such as Grad’s moment
truncation of the fluxes in terms of generalized Hermite polynomials
relative to the local Maxwellian, and his so-called “diagonal approxima-
tion” of the collision operator. The resulting systems of equations involve
shorter spatial-temporal scales, but retain the assumption of closeness to
the local equilibria, thereby taking on a perturbative nature.

Such systems of moment equations present many problems that must
be faced if they are to be useful tools for simulation in the transition
regime. The most significant of these problems are: (1) complexity due to
the large number of equations, (2) stiffness near the fluid dynamical limit,
(3) loss of realizability of its predicted moments, and (4) breakdown away
from moderate regimes. The first problem is intrinsic to this general
strategy and carries a substantial computational cost for any simulation.
This problem is being mitigated by advances in supercomputers. The
second is also intrinsic but can be resolved by a proper choice of numerical
scheme.**'third problem is more serious because it means that the pre-
dicted values of the moments can evolve to the point where they violate
inequalities that must be satisfied if they are to be realized by any non-
negative density. This problem can be monitored by checking that the
predicted moments satisfy appropriate inequalities during a simulation. The
last problem arises because such systems can dynamically become elliptic
{(develop complex characteristics) and hence become ill posed, after which
the meaning of the solution becomes suspect.

This paper presents a systematic nonperturbative derivation of a whole
hierarchy of closed systems of moment equations corresponding to any
classical kinetic theory. The first member of the hierarchy is the Euler
system, which is based on Maxwellian velocity distributions, while the
second closure is based on nonisotropic Gaussian velocity distributions.
The closure procedure has two steps. The first ensures that every member
of the hierarchy is hyperbolic, has an entropy, and possesses realizability of
its predicted moments, thus ensuring that, unlike the perturbative
approach, difficulties such as (3) and (4) above do not arise. Moreover,
every member formally recovers the Euler limit. The second step involves
a modification of the collisional terms that is a nonlinear generalization of
the “diagonal approximation” of Grad and which ensures and those mem-
bers of the hierarchy beyond the Gaussian closure recover the correct
Navier-Stokes behavior. The simplest such system in three spatial dimen-
sions is a “l14-moment” closure which also recovers the Grad “13-moment”
system when the velocity distributions lie near local Maxwellians.

The remainder of this paper is organized as follows. Section 2
abstracts the salient structures associated with classical kinetic equations,
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thereby providing a simple general framework for the subsequent theory.
Section 3 reviews classical fluid dynamical descriptions, including the Euler
limit and the Navier-Stokes approximation, and discusses their
breakdown. Section 4 presents the first step of the moment closure
prescription and proves the corresponding claims made in the last
paragraph. Section 5 works out the case of the Gaussian closure. Section
6 examines the collisional terms for higher order closures. It then intro-
duces a generalization of the BGK collision operator, thereby completing
the second step of the closure prescription. Section 7 indicates the
generalization of this theory to more general kinetic equations. Finally,
Section 8 gives a concluding discussion.

2. CLASSICAL KINETIC EQUATIONS

This paper will treat as illustrative the case of a gas composed of a
single species of identical classical particles contained within a fixed spatial
domain Q < R®. Kinetic theories describe such a gas through the evolution
of a nonnegative density F= F(¢, x, v) over the single-particle phase space
© x R”. This evolution is usually governed by a kinetic equation of the
form

0,F+v-V ,F=%(F) (2.1)

where the collision operator Fi+— % (F) acts only on the v dependence of F
locally at each (t, x). The exact nature of the domain £ as well as any
associated boundary conditions play a minor role in what follows, and so
will remain unspecified. More general kinetic systems will be discussed in
Section 7.

The integral of any scalar or vector-valued measurable function
f = f(v) over the D-dimensional Lebesgue measure a8 will be denoted by

{f>; thus
=] 1wt (2.2)

All functions in this paper are understood to be Lebesgue measurable in all
variables.

The collision operator ¢ is assumed to be defined over a domain 2(¥%)
that is contained within the cone of nonnegative functions of v. It will be
assumed that ¥ possesses three properties, discussed below, that relate to
dynamical conservation, dissipation, and symmetry, and which are shared
by a wide variety of classical collision operators.
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First, the operator ¢ is assumed to have 1, v and |v|? as locally
conserved quantities; this means

CE() =0, <(8()>=0, <(*€(f))=0
for every fe 2(%) (2.3)

Moreover, it is assumed that every locally conserved quantity is a linear
combination of these three, so that for any g=g(v) the following
statements are equivalent:

(i) <g%(f)>=0  forevery fe2(¥)

(2.4)
(i) geE=span{l, v, vs,..., vp, |V]?}
The relations (2.3) represent the physical laws of mass, momentum, and
energy conservation during collisions and (2.4) states that there are no
other conservation laws. A consequence of (2.3) is that solutions of the
kinetic equation (2.1) formally satisfy the local conservation laws

OLFY+V,. - {vF>=0
O0vFY+V - {vvvF)=0 (2.5)
05wl Fy + V- (5|v]> oF> =0

corresponding to mass, momentum and energy conservation respectively.
Here v denotes the symmetric tensor outer product that acts on a sym-
metric k-tensor and a symmetric /-tensor by symmetrizing their usual
tensor outer product.

Second, the operator & is assumed to satisfy the local dissipation
relation

log f€(f)) <0 forevery feZ(¥) (2.6)

The quantity on the left of (2.6) is the so-called local entropy dissipation
rate. The local equilibria of ¥ are assumed to be characterized by the
vanishing of the local entropy dissipation rate and to be given by the class
of Maxwellian. densities, i.e., those of the form

_ P lv—ul?
f=éa(p,u,0)=Wexp<— 20 > (27)

for some (p,u,0)e R, x R®x R, . More precisely, for every fe 2(%) the
following statements are assumed to be equivalent:
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(i) <(log f€(f)>=0
(i) (f)=0 (2.83)
(1) f1sa Maxwellian density given by (2.7)

These assumptions about ¥ merely abstract some of the consequences of
Boltzmann’s celebrated H-theorem. Relation (2.6) implies that solutions of
the kinetic equation (2.1) formally satisfy the local dissipation law

0 Flog F—F)+V,-{v(Flog F—F)> ={log FE(F)) <0 (2.9)

corresponding to entropy dissipation. In this paper we adopt the sign con-
vention of diminishing entropy, which, while at variance with much of the
physics literature, is both mathematically and physically more natural.

Third, the operator € is assumed to commute with translational and
orthogonal transformations. Specifically, given any f = f(v), then for every
vector we R? and for every orthogonal matrix OeR”*? define trans-
formed functions 7, f and 7, f by

T=T. )= flo—w), T, f=T,fv)=f(0"v) (2.10)
It is assumed that if fis in (%), then so are 7, f and Z_f with
T.6(=%7./), T,€(NH=%T.[) (2.11)

This relation reflects the Galilean invariance of the microscopic collisional
dynamics and implies that when Q= R’ the kinetic equation (2.1) for-
mally retains Galilean invariance. Specifically, whenever F= F(t, x, v)
satisfies (2.1), then, for every vector ueR” and orthogonal matrix
OeR”*?, so do the actions of the Galilean group on F,

A, F=g,F(t,x,0)=F(t,x—ut,v—u)

(2.12)
A, F=of F(t, x,0)=F(t, 0Tx, 0Tv)
Of course, the set of solutions of (2.1) is also invariant under space and
time translations.

In addition to the three properties of ¥ discussed above, it will be
assumed that for a given and absolute equilibrium & (independent of space
and time) the linearization of the kinetic equation (2.1) about F=¢& has
analogous structural features. Formally setting F= & (1 + dg) into (2.1) and
dropping terms of order J, results in the linearization

0,g+v-V.g+ Lg=0 (2.13)
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where %, is defined to act linearly on g =g(v) by

1 1
Zeg= —ED%(é”)ng—gaofg(é”(l-i-ég)) (2.14)

=0

The operator %, is assumed to be closed and densely defined with domain
2(%;) in H,, the Hilbert space with the weighted inner product
(h] g)s =<héEg)). Typically, the linearized kinetic equation (2.13) is well-
posed over H , and, as for the case of the Boltzmann equation, is related
to the initial-value problem for (2.1) through the notion of entropic con-
vergence.'*®
Some properties of &, follow formally from those of . First, differen-
tiating the relation %(&(p,u, 0))=0 with respect to an arbitrary
parametrization of {p, u, ) leads to the relation
&, d ID% E)E=0 2.15
sF= g ()6 = (2.15)

where by (2.7) the logarithmic derivative of & =& (p, u, 8) is

€_£ (v—u)-d [lo—u|? D>Q
(g—p+ 0 +< (2.16)

20 2/0

Considering the variations g, i, and 6 as independent shows that the space
of locally conserved quantities E defined in (2.4) is contained in A (%),
the null space of .%,. Second, applying the definition (2.14) of ¥, to the
local conservation relations (2.3) shows that

(6%;8)=0 (v6L:g>=0, (|v|*°6Lg>=0
forevery ge% (%) (2.17)

This implies that Ec A7 (%] ), where %/ is the adjoint of £, over H,
with domain (%} ). Third, taking the second variation of the dissipation
relation (2.6) gives

(g8 Lsgy = —130,log (6(1 +3g)) 6(6(1+38)) 52020 (218)

whereby it follows that ge /(L + %) if and only if (g8 Lg)> =0,
which then implies

N LY=LV N (Ls + L) (2.19)

By the inferences from (2.16) and (2.17) above, E is a subset of each of
these spaces.
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We shall assume that 2(.%) )=%(%,) and that all the above inclu-
sions are equalities. More precisely, for every ge Z(.%;) the following
statements are assumed to be equivalent:

(1) (géNeg>=0

B PO
) Leg (220)
(i) £} g=0

(iv) gek

An important special case which includes all classical collision operators is
when %, is self-adjoint (£] = %, ). In this case (2.18) implies that (i), (ii),
and (iii) in (2.20) are always equivalent, so the only assertion in (2.20) is
the equivalence of (iv) to the others.

In addition, it shall be assumed that ¥, satisfies the Fredholm alter-
native #(%;)=E", where #(%,) denotes the range of %,. Specifically,
this means we are assuming that (%, ) is closed, a property that does not
hold for all classical collision operators, but does hold for that of
Boltzmann in the case of Maxwell molecules or hard potentials with an
angular cutoff.'” One could include the case of the soft potentials if the
Fredholm assumption is replaced with the weaker one that %, satisfies the
Fredholm alternative in a space that is appropriately related to H,,"'* but
for simplicity we will not do so here.

The Fredholm alternative implies that the equation Z,g= f has a
solution if and only if f € E*, in which case there is a unique solution in E*
denoted by g= %" f. Let 2, be the orthogonal projection of H, onto E,
which acts on g=g(v) as

I, o—u)(v—u) &)
%g—p[<w‘g>+ 0

lv—ul> D\2 //lv—u|®> D
(M -5)5((75) %) e

The operator %' is the unique bounded pseudoinverse of £, such that

L L =I—P, L LcI—P (2.22)

where # — %, is the orthogonal projection of H, onto E*. The dissipation
relation (2.18) ensures that the quadratic forms associated with %, and
s ' enjoy the positivity properties:

(g6%sg>>0  foreverynonzero geE*n P (%) (223)
(g€¥'g>>0 for every nonzero gelE* '
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In the case that %, is self-adjoint this means that &, and %, ' are
positive definite over E*.

Finally, fix a local equilibrium & = & (p, u, 8). Every orthogonal matrix
O e R?*P defines the transformation !, = 7,.7,.7, "', where .7, and .7, are
defined by (2.10). It is easily checked that ¢,§ =& and that €, is an
orthogonal transformation over H ;. Linearizing the commutation relations
(2.11) about & shows that for every orthogonal matrix OeR?*? if

ge Y (%), then so is ¢, g and
(nugé'g:gé'@ug (224)

In other words, the operator ¥, commutes with the orthogonal transfor-
mations (,. This symmetry is usually applied in one of two ways. First,
specializing (2.24) to the case O = — I shows that the space of all functions
that are even (odd) in v—u is invariant under .%,; this is the so-called
even/odd symmetry of #,. Second, because the measure df is invariant
under action by any ¢, it follows that

(g€Lsg> =<0, (g8%s8)> ={(C,8) §LsC,8)
(g6L5' g>=(C,(g6%L5 " 8))=(C,8) 6L C,8)

for every orthogonal matrix O e R?*?, This so-called orthogonal symmetry
simplifies the evaluation of many tensors that appear subsequently.

(2.25)

3. FLUID DYNAMICAL DESCRIPTIONS

Fluid dynamical descriptions of the gas are those with an evolution
governed by the local conservation laws (2.5) in which the phase-space
density F is approximated in terms of the locally conserved spatial den-
sities. The local densities are determined by the fluid variables p, v and 8
through the defining relations

| R 1 , D
{F)=p, {oFy = pu, <§|L’|'F>=-2—p|u|' +5p0 (3.1)

These relations are consistent with the previous usage of p, u, and 6 in the
formula for the local Maxwellian density (2.7) in that they reduce to iden-
tities when F is given by (2.7). The local fluxes can then be written as

{vvoFy=puvu+pll+2 (3.2a)

1, ., 1 , D+2
<§]vl‘vF>=§p|u|—u+—:—p0u+2u+q (3.2b)
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where the stress X and the heat flux ¢ take on values of a traceless sym-
metric matrix in R? Y ? and a vector in R”, respectively. The local conser-
vation laws (2.5) become

aIp-l'v.\' : (p“)=0
O pu)y+V,  {puv uy+V(pd)+V, . 2=0 (33)

+2
2

1 . ., D 1 ., D
a,<§p|u|‘+7p0>+V_\.~<§p[u|"u+ p0u+Zu+q>=0

A fluid dynamical closure is then specified by so-called constitutive rela-
tions that express the stress 2~ and heat flux ¢ in terms of p, u, and ¢ and
their derivatives, whereby the evolution of (p, u, #) is then governed by
(3.3).

Rather than specifying ~ and ¢ independently, one can first solve (3.2)
for 2 and ¢ in terms of F as

L =0(AF>, q=0**(BF) (34)

where the dimensionless traceless symmetric D x D-matrix 4 and the
dimensionless D-vector B are given by

(v—u)v(—u) 1o—u

A= 1 35
0 D 0 (352)

(lv=ul* D+2\v—u

B—< =) (3.5b)

Then a fluid dynamical closure can be specified by choosing an expression
for Fin terms of p, u and # and their derivatives. Sometimes this approach
also yields a local entropy dissipation law from (2.9) that is consistent
with (3.3).

The simplest such closure arises upon making the approximation that
F has the form of the unique local Maxwellian density given by (2.7). In
this case both the stress X and the heat flux ¢ vanish identically, thereby
reducing (3.3) to the Euler equations

8,p+V. - (pu)=0
Ofpu)+ V. -(puvu)+V,(pd)=0 (3.6)

1 , D 1 5 D42
a —_ = — B - —_— =
,<2p|u| + 7 p0>+V,‘ <2p|u| u+ 5 p0u> 0
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The local entropy dissipation law (2.9) becomes
0po)+V, - (pus)<0 (3.7
where the specific entropy o =o(p, ) is given by

p > D+2
2n0)P"? 2

E%(@“log(ﬁ—m@):log(( (3.8)

Classical solutions of the Euler system (3.6) satisfy (3.7) as an equality,
while weak solutions (like shocks) that are obtained through a “viscosity
method” will generally satisfy (3.7) as an inequality (in the sense of dis-
tributions).*’

In fact, classical solutions of the Euler system (3.6) satisfy a large
family of formal local conservation laws in the form

0dph (o) +V, - (puh(a))=0 (3.9)

where h =h(o) is any differentiable function over R. The density ph is a
strictly convex function of the mass, momentum, and energy densities of
(3.6) whenever,>* 2"

h(g)>0, h(c)+h"(c)>0 (3.10)

D+2

In that case ph is called a strictly convex entropy density for (3.6) and
weak solutions satisfy the local dissipation laws

A ph(a))+V, - (puh(c)) <0 (3.11)

The choice h(g) =0 in (3.11) recovers (3.7).

Deviations from the local equilibrium approximation can be computed
systematically using a Chapman-Enskog analysis of the scaled kinetic
equation

0,F+U-V_\.F=%‘6(F) (3.12)

where ¢ is a dimensionless number that gives the order of the mean free
path over the macroscopic gradient length scales.>” The Chapman—
Enskog expansion of F in powers of ¢ has the form

F=&(p,u,0)(1+eg"+eg?+ ... (3.13)
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where the leading order is the local equilibrium given by

. P CJo—ul?
é’(p,u,ﬁ)—(znmmzexp< 20 ) (3.14)

for (p(t, x), u(t, x), 0(t,x))e R, x R®x R, consistent with (3.1). Placing
(3.13) into (3.1), the g"" must satisfy the consistency constraint

<é’3g'"’>=0, (vwﬁg‘”’>=0, <%|U|2 @@g(n)>:0 (315)

which simply states that each g'*’ belongs to E*. Placing (3.13) into (3.12),
the g at each (f, x) are then expressed locally in terms of (p, v, #) and
their spatial derivatives, where time derivatives of the fluid variables are
eliminated at each order using (3.3).

The Navier-Stokes approximation involves keeping just the first-order
correction in the Chapman-Enskog expansion (3.13). It is found that
g e E* satisfies

v-V.&

L V= —(F—P,) - (3.16)

where % is the orthogonal projection of H, onto E given by (2.21). Using
(2.16) and (2.21), we find that the right side of (3.16) takes the form

v-V,g 1 s 2
i =3 A: <VA\.u+ (V. u) D V. oul> +

1
g7

(F—2,) B-V.0 (3.17)

The right side of (3.16) is clearly in E*, and hence in #(%,) by the
Fredholm alternative, so its solution can be expressed using the pseudoin-
verse %, ' and the relation (3.17) as

v-V.&
é

g(l)=yﬂ—l (]_yé’)

1

2
=—55,”(;‘A:<V_\4u+(V‘.u)T—EV,\.-uI>— Z7'B-V.O  (3.18)

1
The first-order correction to the local equilibrium approximation is thereby
linearly proportional to gradients of the fluid variables.

By using (3.18) in the Chapman-Enskog expansion (3.13) and drop-
ping all the higher order terms, we obtain the Navier-Stokes approxima-
tion for F and, as it has served its purpose, discard ¢ When this
approximation is substituted into formula (3.4) and the even/odd symmetry
of &, is used to infer that the three-tensors (A%, 'B) and
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(B&ZL; ' A) vanish identically, then we are led to the Navier-Stokes
closure

1 2
Z=00AEgM) = -3 O AL A (V_\,u+(qu)T—B V.- ul) (3.19a2)

q=0"2(BEgV> = — K BEL B -V 0 (3.19b)

The symmetry of &, with respect to orthogonal transformations (2.25) and
the fact that tr(4)=0 imply that the components of the four-tensor
(AE¥; ' Ay and the two-tensor ( BEZ,; 'B) satisfy the identities

1 2
<A,-j£'$‘¢‘-_l Akl> =m <A : éagdr—l A> <5ik5j/+5i/6jk_56ij5k/>

1 X
(B6L;' By =7 (B-6L," B oy (3.20)

Moreover, the only appearance of v in the above integrands is through
v—u, so by the translation invariance of df the above tensors depend only
on p and 0. Therefore, using the identities (3.20), we find that the
Navier-Stokes closure (3.19) becomes

=—u (V_‘.u + (V_\.LI)T—% V. ~ul> (3.21a)

g= —kV_.0 (3.21b)

where the viscosity u=u(p, @) and the heat conduction x =x(p, §) are
given by

f= (<AL A (3.22a)

0 (D—1)(D+2
1
k=05<B-6L,'B) (3.22b)

The positivity of 4 and « is a consequence of (2.23), while the fact they are
bounded abave follows from the boundedness of #,'. The functional
independence of i and x on u is a consequence of Galilean invariance.
Whenever % is homogeneous of degree two in F (as for the classical
Boltzmann collision operator), then both %, and & will be homogeneous
of degree one in p, whereby ux and « will be independent of p as well.
Fluid dynamics breaks down when the macroscopic gradient lengths
are comparable to the mean free path of the flow. The viscous stress and
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heat conduction terms in the fluxes of the usual Navier-Stokes equations
then become large enough to lead to unphysical effects. One such effect is
the development of unrealizable values for the moments of the fluid particle
distribution. This is clearly seen to arise in (3.2a) for the Navier-Stokes
closure (3.21a), recast as

v—u) v (v—u)F)=p0I—pu <V.\.u+(V,\.u)T—%V_\. -u1> (3.23)

whenever the expression on the right side of (3.23) is no longer a non-
negative-definite matrix (the left side being manifestly so). This means that
the approximation has become so bad that there is no distribution of par-
ticles that is consistent with the predicted values of the momentum flux
computed from the fluid variables. A more refined moment realizability
analysis'?” leads to the requirement of the nonnegative definiteness of the
dimensionless symmetric D x D-matrix

2 11'2

D e V.0(V.0)"  (3.24)

1—;"5<V,\.u+(v_\.u)7‘_%v_\.-u1>—
In practice, any simulation using the Navier-Stokes closure should be
suspect whenever the eigenvalues of the matrix (3.24) become significantly
different than unity. Such a difference would indicate that higher order
terms in the Chapman-Enskog expansion are becoming important.
However, the problem of unrealizable moments is not remedied by
proceeding to the next few higher order terms in the Chapman-Enskog
expansion'>*’ (to the Burnett or super-Burnett equations), because if
those terms are important, then all the remaining ones are, too. The
fundamental physical difficulty is that the underlying distribution of par-
ticles has variations on small scales and is therefore far from any local equi-
librium.

One strategy to maintain moment realizability within fluid dynamical
closures involves the introduction of so-called flux-limited closures such as
was explored in ref. 29 within the context of a discrete-velocity kinetic
theory, but that is not the approach we will take here.

4. MOMENT CLOSURES

An alternative strategy for describing deviations from local equilibria
was developed by Grad!'®’ based on moment equations. In general, the
development of moment equations begins with the choice of a finite-dimen-
sional linear subspace M of functions of v (usually chosen to be polyno-
mials). Let M be the dimension of this space and {m;=m;(v)}* be a
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basis. Denote the column M-vector of these basis elements by m =m(v), so
that every me M has a unique representation in the form m(v)=a"m(v)
for some a e RM, where a7 is the matrix transpose of the column vector a.
Now taking-the moments of the kinetic equation (2.1) over the vector m(v)
leads to the system

3,{mF> + V. . {vmF) = (m%(F)) (4.1)

It must be noted that it is not even known for the Boltzmann equation
whether the quantities appearing in this equation are well-defined functions
for every solution F. However, recent work has shown this to be the case
for the spatially homogeneous case''!’ (also see refs. 9 and 35) and for the
nearly homogeneous case,'"’ thereby giving some hope that it might be
more generally true. For present purposed we shall suppose these quan-
tities are well defined and consider system (4.1) formally. The so-called
“moment closure problem” is then to express the above densities {(mF),
fluxes {vmfF), and collisional terms (mé&(F)>, as a function of M
variables (traditionally the densities themselves), thus formally closing the
system.

Moment closures must be devised while remaining mindful that the
resulting system should be well-posed, respect physical symmetries, yield
moments that are realized by some nonnegative velocity density of par-
ticles, and recover the proper fluid dynamical approximations. These goals
can be achieved in part by requiring that M satisfy the following condi-
tions:

(I) E=span{l,v, |v|*} =M
pan{ } 42)
(II) M is invariant under the actions of 7, and .7,

o

The span notation used here in the definition of E and throughout this
paper will be applied to a collection of scalars, vectors, and tensors and will
mean all scalar-valued linear combinations of their components. In par-
ticular, E consists of all linear combinations of the scalars 1 and [v]|* and
the components of the vector v. Condition (I) above is a minimal require-
ment if any fluid dynamical approximation is to be recovered, while condi-
tion (II) is needed if the theory is to be Galilean invariant. For example,
one such choice of M that was studied extensively by Grad is

M =span{l, v, v v v, [v]* v} (4.3)

which in three dimensions provided the basis for his 13-moment closure.
This choice was made to include the momentum and energy fluxes of (2.5)
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among the moment densities, which can therefore be expressed in terms of
p,u, 0, %2, and g by (3.1) and (3.2).

Given any M satisfying conditions (I} and (II) of (4.2), Grad proposed
the following two-step closure procedure.'®) The first step is to expand F
in terms of Hermite polynomials relative to the weight &(p, u, 8). For M
given by (4.3) this leads to

11 2 1
F_ca@<l+ 02 A+D+2p03/2q-3) (44)
The moment flux terms in (4.1) can then generally be evaluated by direct
integration. The second step had two motivations: that the collision term
in (4.1) could almost never be evaluated explicitly, and that it seldom yields
the correct behavior in the fluid regime. To overcome these difficulties
Grad introduced the so-called diagonal approximation in which the colli-
sion operator %(F) is modified by linearizing it about F=4& and then
“diagonalizing” it with respect to the Hermite polynomials so as to recover
the correct transport coefficients. This modification takes the form

(K(F)——lgé"A (AF)—Diz-géaB {BF)— .. (4.5)

where u and x are the viscosity and heat conduction given by (3.22). This
simplification allows both the collision term in (4.1) to be evaluated and
the correct Navier—-Stokes behavior to be recovered.

The moment closure prescribed here places an additional requirement
on the linear subspace M. Given any M, this requirement is formulated in
terms of the associated subset

M. ={meM: (exp (m(v))) < w0} (4.6)

The convexity of the exponential function ensures that M, is a convex cone
in M. We will construct a self-consistent closure of the kinetic equation
(2.1) for each M satisfying conditions (I), (IT), and also

(IIT} the cone M has a nonempty interior in M (4.7)

We shall call such subspaces admissible and all other subspaces inad-
missible.

It is clear from (4.6) that only polynomials m(v) such that m(v) » — o
as |v| — oo comprise M,. Hence, condition (III) of (4.7) can only be met
by linear spaces of polynomials over v with even maximal degree. In par-
ticular, the M of the Grad 13-moment closure (4.3) is inadmissible. In
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general, a linear space of even maximal degree that is invariant under
translational and orthogonal transformations and contains E can be
admissible, but might not be. Examples of such admissible spaces with
maximal degree two and four are

maximal degree =2: M =span{l1, v, |v|*} =E

n{

M =span{1, v, v v v}
{
{

maximal degree =4: M =span{1,v,v v v, |v]? v, [v|*}

(4.8)

M =span{1,v,v vo,v v vy, |v*
M =span{l,v,ovo,o vovu,|v]®vvu}

M=span{l,o,v vo,ovoVvovvovovuo}

while an example of an inadmissible space of maximal degree four that
satisfies conditions (I) and (II) but not (III) is

1
M = span {1, v,ovo,ovovo|v? <v vo—o |v|21>} (4.9)

In three spatial dimensions the admissible spaces listed in (4.8) have dimen-
sion 5, 10, 14, 21, 26, and 35, respectively. Each of these spaces except the
fourth is generated by its highest degree basis elements (|v|, v v v, [v]%,
[v]>v v, and v vovovo in the examples) through the action of the
translations ,, in condition (II) of (4.2). For each even degree 2n there are
n+ 1 such spaces, one for each possible trace of the 2n-fold tensor product
of v. Spaces such as the fourth one above become prevalent as n increases.
Of course, there is no need to consider only spaces of polynomials, but they
will be used here to illustrate the closure procedure.

The closure procedure may now be stated simply. Let F in the moment
system (4.1) have the form

F=#(a)=exp(a’m(v)) (4.10)

where a” is the transpose of some a = a(t, x) with values in R* such that
a’m(v) lies in the cone M. This results in the system of M equations (4.1)
for the M unknowns a given by

o {mAa)) +V, (vmi(a)) ={(m¥(H(a))) (4.11)

where the moment densities, moment fluxes, and collisional terms are
expressed in terms of « as the integrals

{m#(a)), {(mA(a)), {(MmE(H#(a))) (4.12)

822/83/5-6-16
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Each admissible space M generates such a closure, and the hierarchy of
such closures is partially ordered by the relation < acting on the
admissible spaces.

For admissible spaces of maximal degree two the first two integrals in
(4.12) may be evaluated explicitly, allowing direct study of the moment
system (4.11). For example, when M =span{1, v, [v}>} one can see from
(4.10) that .# = &, so that the collisional term vanishes and (4.11) becomes
the Euler system (3.6). Less trivial is the case when M = span{ l,v,vv v}.
In that case the moment densities and fluxes can always be evaluated as
Gaussian integrals and even the collisional term can be evaluated for many
classical collision operators 4. While this so-called Gaussian closure
improves upon the Euler system by having a nontrivial stress, it still has a
heat flux that is identically zero. Regardless of this deficiency, this closure
will be examined in considerable detail in the next section.

For admissible spaces of maximal degree four or more the integrals in
(4.12) are impossible to evaluate explicitly as functions of a. Indeed, the
efficient evaluation of these integrals would seem a formidable obstruction
to any practical implementation of these closures. However, the moment
system (4.11) has remarkable structural features that make it highly attrac-
tive theoretically and that facilitate its practical implementation. This
structure can be brought out by recasting the moment system (4.11) in
terms of the density potential 4* and the flux potential j* defined over the
cone M, by

R a)=(A(a)d,  jHa)=vda)) (4.13)
and the vector of collisional relaxation terms r* defined by
r¥*(a) =<{mé(A(a))) (4.14)
Differentiating (4.13) with respect to « using (4.10) yields the relations
hila)=<{m.d(a)),  jila}={om.#(a)) (4.15)

where the right sides are just the moment densities and fluxes given in
(4.12). The closed moment system (4.11) can therefore be put into the so-
called potential form of Godunov!'®

0,0 a)+V, j¥a)=r*a) {4.16)

Moreover, because each component of » is in M, each component of the
flux potential j* is itself a moment density and hence expressible in terms
of first derivatives of the density potential #*. Therefore, evaluating the left
side of (4.16) requires only a twice differentiable evaluation of the scalar



Moment Closure Hierarchies for Kinetic Theories 1039

function A* in terms of a. Of course, such an evaluation of 4* is generally
going to be quite complicated, but this is the price to be paid for the
structural simplicity that emerges below.

The moment system (4.11) has many desirable properties that can be
read off from its potential form (4.16), many of which are lacking in tradi-
tional closures. The most important of these is its hyperbolicity, which
ensures that the system is at least linearly well-posed. This property follows
from the fact that the density potential /1* = h*(a) is a strictly convex func-
tion with a positive-definite Hessian matrix

h*(a)=<{(mm".#(a)) (4.17)

Indeed, a direct calculation using (4.10) shows that for every ye R one
has

Y hE (@) y=<{(y"m)> #(a)) >0 (4.18)

with equality if and only if y =0. The hyperbolicity of (4.16) then becomes
evident upon rewriting it in the form

hae(@)d,@+j5,(a)-Via=r*(a) (4.19)

By the positive definiteness of 4%, and the symmetry of j¥,, this has the
Godunov form of a symmetric hyperbolic system for a.'¥ The charac-
teristic velocities associated with any wave vector k € R? are determined by
the critical values of the Rayleigh quotient

Yk ji(a)y

Y)Y (4.20)

considered as a function over nonzero ye R,

Another important property of the moment system (4.11) that is
exposed by the its potential form (4.16) is the existence of an entropy that
is locally dissipated. Indeed, multiplying (4.19) on the left by a” yields

0a"h¥(a)—h*(@)+V, - (aji(a)—j*(@))=a'r*(a) (4.21)
where
a’r*(a)=a"mé(.#(a)))> = (log .4(a) €(.#(a))) (4.22)

The local dissipation relation (2.6) for the collision operator ¢ then implies
that

a’r*(a) <0 (4.23)
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while the characterization (2.8) of the equilibria of ¢ shows that equilibria
of r* are characterized by the equivalence of the following statements:

(i) a'r*(a)=0
(ii) r¥a)=0 (4.24)
(i) e’'mek
Moreover, the density in (4.21) may be put in the form
a’ht(a) —h*(a)=Ca'mA(a)) — A (@)
= (M(a)log (H(a))— d(a)) (4.25)

from which it is seen to be exactly equal to the entropy density in (2.9)
associated with the distribution .#(a).

Traditionally moment closures have been expressed in terms of the
moment densities, denoted as a, which by (4.15) are given as a function of
a by

p={mA(a)) =h¥(a) (4.26)

This relation can be inverted in terms of the function & = A(p), which is the
Legendre transform of the strictly convex function i*. Specifically, / is
defined by

hip) +h*(a)=a’p (4.27)

where p and a are related by (4.26). Then @ can be expressed as a function
of p by

a=h,(p) (4.28)

By comparing (4.27) with (4.25), it is seen that /s(p) is the entropy density;
this relation thereby gives physical meaning to both @ and A*, which
heretofore might have seemed artificial.

The moment system (4.16) can now be formulated in terms of the
moment densities as

0,p+ V. Jalh(p))=1*(h,(p)) (4.29)

An explicit expression of the moment fluxes in terms of the moment den-
sities is no less complicated or impossible than it was for the @ formulation
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{(4.16). The hyperbolicity of this formulation (4.29) becomes evident upon
rewriting it as

0,p+jealho(P)hy(p)-Vip=1*(1,(p)) (4.30)

and observing that the Hessian matrix /,,(p) is a Friedrichs-Lax sym-
metrizer''? of this equation. The equivalence of the Godunov and the
Friedrichs-Lax forms for general hyperbolic systems was proved in.**?
Moreover, it is seen easily from (4.27) that the local entropy dissipation
law (4.21) can be formulated in terms of the moment densities as

O.h(p)+V, -j(p)=h,(p)Tr*(h,(p)) (4.31)
where the entropy flux j=j{p) is given by
Jp)+j*e) =aTji(a) (4.32)

with a related to p by (4.28). Hence, by (4.23) and (4.24), h=h(p) is a
strictly convex entropy for the system (4.29) both in the sense of “extended
thermodynamics™** and in the more general sense of relaxation systems.‘®’

The implicit definition of the entropy density # through (4.27)
provides a practical algorithm for computing both /4 and a as functions of
p. This is particularly useful because there is no explicit expression for A,
not even on the level of a quadrature formula such as (4.13) prescribes the
density potential 4*, and hence no explicit expression for a as a function
of p. Suppose that the integral in (4.11) that defines the density potential
i* and two of its derivatives can be effectively evaluated through a com-
bination of asymptotics and numerics. Then, given a value of p, it follows
from (4.26) and (4.27) that the values of @ and /(p) can be obtained
numerically by solving the minimization problem

h(p)= —min{h*(a)—a’p} {4.33)

a

Of course, the resulting a can then be used to evaluate the moment fluxes
Jj¥ and the collisional vector r*, which can then be used to update p
through a difference approximation to (4.16). In particular, as was
remarked following (4.16), the moment fluxes can be evaluated as second
derivatives of the density potential 4*. More details on numerical algo-
rithms that exploit this approach will be given in Section 8.

The choice of the exponential form of the density (4.10) was not made
merely to maintain nonnegativity; many other choices would have achieved
that objective. Nor was it made merely to ensure hyperbolicity; many other
choices would have achieved that objective, too. Rather, its significance lies
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in the fact that the exponential function is the Legendre transform of the
entropy density Fr— Flog F— F. It is this relation that leads to the local
dissipation properties (4.23) and (4.24), hence capturing the structures
identified in ref. 8 as leading to formally well-posed fluid dynamical
approximations. This Legendre relation also implies that (4.10) is the
unique density F that minimizes the entropy subject to the constraint that
its moments {mF) are fixed. More specifically, given a density vector p,
one has

h(p)=mFin{<FlogF—F>:(mF):p} (4.34)

with a related to p by (4.28). This kind of so-called entropy minimization
principle has long played a role in statistical physics to provide various
closures,'*'® whereas here it is viewed as a logical consequence of the
closure capturing the proper structures.

It was shown in ref. 8 how the existence of such an entropy leads
formally to both the correct Euler approximation and a consistent
Navier-Stokes approximation. In general the Navier-Stokes approxima-
tion of the moment system (4.11) will have the same form as that for the
kinetic equation (2.1), possibly differing only in the numerical value of the
viscosity and heat conductivity coefficients. The question of the correctness
of the Navier-Stokes approximation will he addressed in Section 6.

Some recent works have employed exponentially based closures of the
form (4.10). Dreyer''® did so within the context of extended ther-
modynamics.”**’ However, he treated the exponential formally, never
imposing a condition like (III), and proceeded to retain only the quadratic
terms in the exponent while expanding the rest as a polynomial. Both the
entropy and hyperbolic structure are generally lost in the resulting moment
equations. Apparently independently, Gorbin and Karlin''®!" put forth a
general procedure for deriving dynamical equations (not necessarily for
moments) for nonequilibrium systems based on an entropy minimization
principle. When the form of the density is given by (4.10), their closure pro-
cedure replaces one of the moment densities with the entropy density as a
fundamental variable, superficially leading to a system that is formally
equivalent to (4.11). So long as the solutions of this system are classical,
then the solutions will likewise be equivalent. However, when the solutions
become weak due to the development of singularities, then the profound
differences in the underlying viewpoints lead to quantitative differences in
the solutions. This can be best understood by applying their procedure to
the family of Maxwellians, formally obtaining the Euler equations (3.6).
However, their fundamental equations are the mass and momentum local
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conservation laws of (3.6) and the entropy equation (3.7) taken as an
equality, which is inconsistent with energy conservation for weak solutions.
Indeed, they do not address how to handle the eventual development of
singularities at all. Moreover, they address neither the hyperbolicity of the
resulting systems nor the recovery of the Euler and Navier-Stokes
approximations.

5. THE GAUSSIAN CLOSURE

The linear space M =G =span{1, v, v v v} is the smallest admissible
space that properly contains E, and thus generates the simplest closure of
the type developed in the last section which extends beyond the Euler
system. The dimension of G is (D + 1)(D + 2)/2 in general, ten when D =3.
The entropy-minimizing densities (4.10) for this space can be parametrized
by peR,,ucR” and @eR2¥?, where R2"? denotes the set of sym-
metric, positive-definite D x D matrices; they take the form of Gaussian
densities, given by

G(p,u,O)= p(—%(u—u)—@"(v—u)) (5.1)

p
[det(270)]7 "

This translates into the notation of the last section by identifying m(v) =
(1, v,v v v)T and

a=<log<—p———>—lu-@"u @ u ——10">T (5.2)
[det(270)]7) 2 O T3

so that %(p, u, @)= .4(a). The positive definiteness of @ is required for
condition (IIT) of (4.7) to be satisfied. Relation (5.2) may be easily inverted
to express (p, u, @) directly in terms of a. However, the simplicity of this
closure stems from the fact that all moments can be computed for Gaussian
densities and these moments can be expressed better in the (p, u, &) than
in the a notation. For example, integration of the basic moments
l,v,v v, and v v v v v over the Gaussian density 4(p, u, @) yields

(H(p,u,0))=p
Cv(p,u, 0)) = pu

{vvvg(p,u, @)y =puvu+p

(5.3)

{vvovvog(p,u,®))=puvuvu+3pO vu



1044 Levermore

Taking the trace of the » v v moment and comparing with (3.1) shows that
6= (1/D) tr(@). Comparing (5.3) with (3.2), we find that the stress 2’ and
heat flux ¢ are given by

Z=p(0@—0I), g=0 (5.4)

Notice that when @ = 01 the Gaussian density ¢ reduces to the equilibrium
density & and formulas (5.3) and (5.4) reduce to their values for the Euler
closure. Because Gaussian densities admit no heat flux, the Gaussian
closure is of limited practical interest; however, it provides an approxima-
tion that in some respects lies between the Euler and the Navier-Stokes
approximations.

The moment equations governing p=p(t, x), u=u(t,x), and @ =06(t,x)
are

g,p+V, -(pu)=0 (5.5a)

O(pu)+ V.- (puvu+p@)=0 (5.5b)

Opu~v u+p@)+V, - (puvuvu+3pOvu)=5(p, &) (55¢)

where, following (4.14), the collisional term = is shown to be independent

of u by first using the translation invariance (2.11) and then using local
conservation (2.3) to obtain

E(p, @)= v Vv v6(%(p.0,0)))
={{v—u) v (v—u)%(%(p, u, @)
={v v v6(%(p,u, ©))) {5.6)

The local energy conservation law is recovered by taking the trace of
(5.5¢),

1 , D 1 , D
a,<§p|u1'+§p6‘)+v_\..<§p|u|'u+§pﬁu+p@u>=0 (5.7)

Notice that when @ =6 the momentum equation (5.5b) and the energy
equation (5.7) reduce to those given by the Euler closure (3.6).

The Gaussian closure has a long history in kinetic theory—remarkably,
longer than the Boltzmann equation itself. Indeed, six years before
Boltzmann'® showed that Maxwell’s general “equation of continuity” could
be reformulated as an evolution equation for F, Maxwell himself raised the
possibility of applying this closure to a gas of what are now known as the
Maxwell molecules.*") Maxwell did not pursue the matter because his
theory of gas dynamics, in which the molecules were assumed to be near
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local equilibrium, did not require it. In the 1950s and 1960s, however, the
closure was rediscovered and advocated by many (for example, see refs. 22
and 23) as a way to derive closed systems of moment equations to describe
gases that are not near local equilibrium. None of these works, however,
treated it within the context of a larger hierarchy such as the one studied
here.

The physical content of the moment equations (5.5) is brought out
more clearly when they are expressed in terms of the convective, or
Lagrangian, derivative 8,4+ u-V,. Using (5.5a) to eliminate time
derivatives of p from (5.5b) and (5.5¢) gives

(0,+u-Vyp+pV, - u=0 (5.8a)
p0,+u-Vyu+V, - (p@)=0 (5.8b)
pO,+u-Viuvu+0)+2uvv, (po)
+p(0 -V u+ (V)" -0)=Z(p, O) (5.8¢)
It is seen from (5.8b) that
po,+u-VXuvuy+2uv v, (p@)=0 (5.9}
Subtracting (5.9) from (5.8¢) and dividing by p leads to

L

(0,+u-V)O+(0 -Vu+(V,u)". @)=p Z(p, @) (5.10)

This equation clearly shows both the distortion of © by the velocity flow
field v and the fact that its evolution is consistent with it remaining a sym-
metric matrix.

In order to see that @ also remains positive definite, multiply (5.10) on
the left by © ~' and then take the trace to obtain

tr(@Y8,+u-V,)0) +2V,\.-u=%tr(@_15(p, @) (5.11)

Upon using the general identity 3, log(det @) =tr(©@ ~'3,0) and (5.8a), one
finds

det
(0,+u-V,)log < ;29> =(0,+u-V,)log(det @) —2(0,+u-V,)log(p)

=/1—)tr(9—'5(p, 0)) (5.12)
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Now recalling the definition (5.6) of Z(p, @), the form (5.1) of 4(p, u, O},
and the local entropy dissipation (2.6), one has

L@ 'E(p, @) =3{(v—u)- O (v—u)€(%(p, u, ©)))

= —(log (¥(p,u, ©)) 6(%(p,u, 0))>20 (513)
It follows from (5.12) that det ® never passes through zero so long as p
remains positive. Hence, its eigenvalues remain bounded away from zero
and @ remains positive definite.

After multiplying (5.12) by —2 and using the density equation (5.8a)
yet again, we can bring it into the divergence form

d(pa)+ V- (puc)=—Str(@~'5(p, O)) (5.14)

where o is the specific entropy, which is given by

(5.15)

D+2
az%(g]ogg—€4>=log< P >— +

[det(27@)]"> 2

Moreover, for any (p,u, @) eR, x R®xR2*? the following statements
are equivalent:

(i) (@~ '5(p,0))=0
(i) =Z(p, ©)=0 (5.16)
(i) @=06rI forsome HeR,

Just as for the Euler equations, the Gaussian moment equations {(5.8)
admit a large family of formal dissipation laws in the form

A ph(a))+V, - (puh(a)) = — 3h'(0) tr(O@ ' E(p, O)) (5.17)

where h=h(g) is any differentiable function over R. Moreover, ph will be
an entropy density for (5.8) in the sense of ref. 8 whenever h'(c) >0, and
strictly convex whenever h satisfies (3.10). The choice #{c) =0 in (5.17)
recovers (5.14).

Now we turn to the second step of our closure procedure, namely, the
treatment of the collisional term =(p, ©). In doing so, we will illustrate
some key difficulties faced for higher order closures within the context of
the simpler Gaussian closure. The effect of the collision term on deviations
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from the local equilibrium approximation can be computed systematically
using a “Chapman-Enskog” analysis of the scaled moment equation

1
Olpuvu+pB)+V,  (puvuvu+3pdv u)=;5(p, @) (5.18)

where ¢ is a dimensionless number that gives the order of the collisional
length scales over the macroscopic gradient length scales. The traceless part
of (5.10) i1s then simply

(0, +u-V. (O —06I)+ <@ Vau+(Vau)'-e ——% tr(@ - V,\.u)1> =$ =(p, ©)
(5.19)

The Chapman-Enskog procedure then expands @ in ¢ as
O=0I+e@"+20P + ... (5.20)

where, upon setting (5.20) into (5.19), each @ %) is to be expressed in terms
of the fluid variables (p, u, 8) and their spatial derivatives subject to the
constraint tr(@ *)=0.

The “Navier-Stokes” approximation is obtained from the leading
balance, which occurs at order £° where @' is found to satisfy

2
p0 <V_\.u+ (Vo) ==V, u1> =0":8,5(p, 0I) (5.21)

Here the right side is computed directly from (5.6) to be
0" :0o5(p, 0 = —{(v v vDE(E(p,0,0)) O :0,%(p,0,600)> (5.22)

where DE(&) is defined in (2.14). The derivative of 4 above is computed
from (5.1) as

1 1
0" :9,%(p,0,0I)=&(p,0,0) <§v-@_'@”’@"v—itr(@"@”’))

=01

1 1
=§éﬂ(p,o,0)5<”;”—1>:@“‘ (5.23)

Combining (5.22) and (5.23) while using definitions (2.14) of ., and (3.5a)
of 4 gives

0 :0,E(p, 0I) = — L(AEL A O (5.24)
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By the orthogonal symmetry of %, and the fact that tr(4) =0, the com-
ponents of (A6 ¥, A) satisfy the identity

2
(A6 LA =n¢ (‘Sik 5j/+5i/5_/k—55ij5k1> (5.25)
where ns=ng(p, 8) is defined by
=  _(A:& 5.26
N6= Ty T E A 6L (5.26)

The right side of (5.21) can be evaluated by using (5.24) and (5.25) and
recalling that tr(@ ') =0 to obtain

2
p0 (V,\u+(V_\.LI)T—BV_\.-uI>= —ns0" (5.27)
Hence, the stress p@'"’ takes the form
) r_ 2
pO N = —py(p,0) | Vu+ (V. u) ;) V,.-ul (5.28)

where p; is the viscosity for the Gaussian closure, which is given by

_p0
nelp, 0)

te(p, 0) (5.29)

The positivity of both 5, and s, is a consequence of (2.23).

When ¥ is self-adjoint (¥] = .%,) then a direct comparison can be
made between the Navier-Stokes viscosity u, given by (3.22a), and the
Gaussian viscosity g, given by (5.26) and (5.29). The Cauchy-Schwarz
inequality can be used to obtain

i_ "—1_—1 ’ & e —1
/lc_<(D—1)(D+2)p> (A 6LAYCAELT A
1 1 , :—
><m;</"“>> =1 (5.30)

Hence, we find that
0<uglp, Y<pulp, 0) (5.31)

with equality if and only if ¥, 4 =414 for some positive eigenvalue A, in
which case ;= pA and u=u;=pf/i This is the case for the Boltzmann
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equation when applied to the Maxwell gas,'” but not when applied to
more general gases. For most classical collision operators %, is indeed self-
adjoint and inequality (5.31) is strict.

The Gaussian moment equations (5.5) are very explicit, with the
exception of the collision term Z(p, @) defined by (5.6). For some collision
operators % the integrals in (5.6) can be performed and a simple expression
for Z(p, @) obtained;'*® however, that is the exception rather than the rule.
In any event, as the remarks after (5.31) indicate, the associated viscosity
i will generally be smaller than the Navier-Stokes viscosity . If the solu-
tion to the moment equations is to properly extend into fluid dynamical
regimes, it is important to modify the collision operator so as to match the
moment viscosity and the Navier-Stokes viscosity.

In cases when =(p, @) is effectively computable, this may be achieved
by replacing ¢ with the rescaled collision operator

> ue(p, 8)
F)="%2"_4(F 5.32
u(p, 8) () (5:32)

where p and & are recovered from the moments of F by using (3.1). This
modified collision operator satisfies all the conservation, dissipation, and
symmetry requirements laid down in Section 2, so the foregoing theory
applies directly. The associated collision term is then

Kl p, B)

E(p,0)=
(. 6) uip, 8)

Z(p, ©) (5.33)

The resulting modified moment equations (5.5) will recover the correct
Navier-Stokes momentum equation.

In cases when the evaluation of Z(p, ©) is difficult or impossible, a
more drastic modification of the collision operator is in.order. About the

simplest thing to do is to replace ¥ with the BGK collision operator'®

~ pl
F)=
: u(p, 0)

((p.u,0)—F) (5.34)

As before, this modified collision operator satisfies all the requirements laid
down in Section 2, and the foregoing theory applies directly. By inserting
(5.34) into (5.6), we easily find the associated collision term in the moment
equation (5.5¢) to be

p0
uip, 0)

Ep, ©)=

(0l — ©) (5.35)
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As before, the resulting modified moment equations (5.5) will recover the
correct Navier-Stokes momentum equation. However, this expression for
the collision term has the virtue of being very easy to compute, requiring
only knowledge of the Navier-Stokes viscosity u. For this reason, the BGK
modification {5.35) is the most practical to implement. The resulting equa-
tions are exactly those obtained by neglecting third-order moments in v —u
when evaluating the flux of the equation for the second-order moments
while modeling the collisional terms with a simple relaxation tuned to
recover the Navier-Stokes viscosity.

6. COLLISIONAL TERMS FOR HIGHER ORDER CLOSURES

Although simple, the Gaussian closure presented in the last section
does not recover the correct Navier—Stokes approximation because the
Gaussian densities (5.1) have no heat flux (5.4), and therefore no heat
conduction term can arise in the energy equation (5.7). However, all
admissible subspaces of degree four, (4.8), and higher have a nontrivial
heat flux and hence hold out the possibility that the correct Navier—Stokes
approximation can be recovered as the first correction to the Euler equa-
tions. In this section it is shown that all such higher order closures lead to
the correct form (3.21) of the Navier-Stokes stress and heat flux. When %
is self-adjoint the values of the viscosity and heat conduction derived from
such closures will generally be less than the correct physical values.
However, similar to what was done to recover the physical viscosity for the
Gaussian closure, it will be shown that the collision operator can be
modified so as to recover the correct physical viscosity and heat conduc-
tion.

Deviations of solutions of the moment system (4.14) from the local
equilibrium approximation can be computed systematically using a
“Chapman-Enskog” analysis of the scaled moment system

o{mA(a)) +V, {vm{a) =% {mé (A (a))> (6.1)

where .#{a) is defined in (4.8). The fluid dynamical variables (p, u, 8) are
related to a by

CAMla)y=p,  Lvd(a)) =pu, <%Ivlzafﬂ(a)>=%plulz+§p9 (6.2)

and satisfy the conservation laws (3.3) with the stress and the heat flux
given by

2=0A.4(a)), q=0"(B.#(a)) (6.3)
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The Chapman-Enskog procedure then expands a in ¢ as
a=aV+ca"+e%aP+ - (6.4)
where a'®' is determined by the fluid variables through the relation
M) =&(p, u, 0) (6.5)
and where, upon setting (6.4) into (6.1), each a'*’ is to be expressed in
terms of the fluid variables (p, u, @) and their spatial derivatives subject to
the constraint (6.2).

By substituting (6.4) into the exponential form (4.8), we obtain the
expansion

A)=E1+emTaV +e2[mTa? +i(mTa' )2 ]+ ) (6.6)

Upon setting this expansion into relation (6.2) while recalling (6.5), one
finds at order ¢ the constraint

(EmT al =0, (vém™y a''' =0, ol?6m™> a''=0 (6.7)

Next, setting expansion {6.6) into the moment equations (6.1), we find that
the leading order balance yields

04{mé&> +V,-{vmé> = —(mEL ,m7> o' (6.8)

The nonconservative part of these equations can be isolated by multi-
plying on the left by an arbitrary y7 where

yeFt={yeRM y"mek"} (6.9)
By so doing, we obtain

& v.&
Y¢{méEL,mT> a11)=_,yr<m g, +L7 >
&

-V,

=—7T<mé( J’)

> (6.10)

Because the vectors multiplying y” in the left-most and right-most expres-
sions of (6.10) are both in F*, the y” may now be removed and (3.17) used
to find that a'"’ satisfies
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1
{mEL,m™) a'V = ) {méA) : (V,\.u+(V_\.u)T—%V_\.'ul>
1
g2 {(mé&B) -V 0 (6.11)

The matrix {m&ZL,m”™) is positive definite over FL by (2.23) and
therefore has a unique pseudoinverse {mé.%,m” > ~'. The unique solution
of (6.7) and (6.11) is

1 2
al'= -3 (mEL,m"> ' {mEA> : <V,\,u+(V_\.u)T—BV_\,.u1>
~ i (mELym™) ' (mEBY V.0 (6.12)

Using the even/odd symmetry of &, to infer that

(AEMTY(mELymTS ~'(mEBS =0 613
(BEMTY(MEL,m™> ' (mEAD> =0 '

and substituting (6.12) into (3.4) leads to the “Navier—Stokes” approxima-
tion

Z=0(Aém™S a'V
1 2
= —5 K AEm™Y(mEL,m™ = (mEAY : <V,\.u+ (Vo) — > V'\,.u1>

q=0"*(Bém") o'V (6.14)
= —0(BEm"Yy{m&EL,mT> ~'{mé&B) -V 6

By the symmetry of %, with respect to orthogonal transformations (2.25)

and the fact that tr{4)=0, the components of the above tensors can be

evaluated in the spirit of (3.20), so the “Navier-Stokes” approximation
(6.14) becomes

2
= —puy <V,\.u +(Vau) T —=V,. ul>
2 (6.15)

g= —kpV.0
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where the viscosity pu,, =u(p, ) and the heat conduction x,, =k ,(p, 8)
are given by

tr({m&A) : A6bm™>{(mEL,mT)y ~")  (6.16a)

Fu="D 1D +2)

KM=0%tr(<mrg’B> (BEMTY>(MEL,mT> ) (6.16b)

The positivity of u,, and x,, is a consequence of (2.23) and the fact that
the vectors {mé&A4) and {(mé&B) are nonzero for closures of higher order
than the Gaussian closure. Indeed, for the Gaussian closure the vector
{mé&B) is zero, leading to zero heat conduction in that case. The func-
tional independence of u,, and x, on u is a consequence of Galilean
invariance.

When .%; is self-adjoint (&) = %), then a direct comparison can be
made between the Navier-Stokes viscosity x4 and heat conduction x given
by (3.21) and u,, and k,, given by (6.16). For each ge E* define the quad-
ratic form 2 acting on yeF* as

AN=ymEL,m™y -2y még) + (g6 L' g>
=Y m-%;'g) 6L (y'm—-L;'8)) 20 (6.17)
This quantity is minimized when
y=7(g) =<{méLm") " '(még) (6.18)
at which value (6.17) becomes
Av(g) =<(gtLs'g> —(gbm">{mEL,m") " (mbg) >0 (6.19)

with equality if and only if £ 'geM.
By letting g in (6.19) be an arbitrary linear combination of the com-
ponents of first 4 and then B, one deduces the quadratic form inequalities

CAEL ' 'A) 2 (AEmTY(mEL,m"T) ~'{mEA)

(6.20)
(BEL;'By > (BéEMTY(mELym™) ~'(mEB)

with equality respectively if and only if each component of £ ;'4 or
£3:' B is in M. In particular, by using these inequalities to compare the
formulas (6.16) for u,, and x,, with formulas (3.22) for 4 and x, we find
that

O<up<y, O<ky<k (6.21)

822/83/5-6-17
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An important special case for which equality holds in both (6.20) and
(6.21) is when the components of 4 and B are eigenfunctions of .%,. For
the Boltzmann equation this is the case for a gas of Maxwell molecules,'”’
but not for more general gases. For most classical collision operators %,
is indeed self-adjoint and inequalities (6.21) are strict.

In order for the closure to have the proper behavior in the fluid
dynamical regime the collision term r*(a) must be modified. This should be
done in a way that does not destroy the entropy structure of the moment
system. As was done for the Gaussian closure, the idea will be to modify
the collision operator €(F) so as to recover the correct transport coef-
ficients x4 and x while at the same time facilitating the calculation of the
collision term r*{a). In particular, it is desirable from a practical viewpoint
that the evaluation of the collision term in (4.14) should be no harder than
the evaluation of the fluxes.

The simplest modification to consider is the BGK collision operator

po
uip, 6)

where the relaxation rate is normalized as in (5.34) so as to obtain the
correct Navier—Stokes viscosity. However, the associated heat conduction
will be x = [(D + 2)/2] u, which corresponds to a gas with Prandl number
Pr=1, where

€(F)= (€(p,u, 0)—F) (6.22)

2 «(p, 0)

This will generally not give the correct heat flux because for most gases one
has Pr < 1. However, provided Pr < 1, the correct Navier-Stokes heat con-
duction is recovered by a collision operator of the form

po

€(F)= E(p,u,8)—F
=g w00
D+2 po po

where p, u, and @ are determined from F by
{F>=p, {vF) = pu, (v voFY=puv u+pe (6.25)

and @ is then determined by 6= (1/D)tr(@). This collision operator has
two relaxation time scales. The first is related to the heat conduction and
gives the rate at which the density F relaxes to the Gaussian 4(p, u, ©).
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The second is related to the viscosity and gives the slower rate at which the
Gaussian relaxes to the local equilibrium &(p, u, 8). As we will see below,
this two-scale generalization of the BGK collision operator satisfies all the
requirements put forth in Section 2.

The collision operator (6.24) is the first in a whole family of multiscale
generalizations of the BGK operator. The construction of a K-scale mem-
ber of this family proceeds as follows. Consider any sequence of K
admissible subspaces {M,} X_, ordered by strict inclusion and strictly con-
tained within M as

E=M,cM,c..- cMgc=M (6.26)

Denote a column vector of basis elements of M, by m, = m,{v). Define the
density

My, =exp(a;m) (6.27a)
where a, € R is uniquely determined by the relations
a/meM,, {my M)y ={m,F) (6.27b)

Next, associate with these subspaces and densities a corresponding
sequence of relaxation rates v, =v,(p, #) that are strictly ordered so that

0<p—0—=vl<v2<---<v,( (6.28)

u

If the Prandl number (6.23) is strictly less than one then one must take

D+2
M,=G and v,=2F2P9 (6.29)
2 &
Now define-the collision operator
K
C(Fy=v\(My —F)+ Y, (V= Vi1 (M —F)
k=2
K—1
= Z Vil Mye — My 1) + v (Mg — F) (6.30)
k=1

As we shall see, this is the nonlinear analog of the diagonal approximation
of Grad.
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This modified collision operator satisfies all the requirements laid
down in Section 2. This i1s seen most directly when it is expressed as

K
F)= Z Nl My — F) (6.31)

k=1

where 57, =v, and 5, =v, —v,_;>0 for k=2,.., K That 1, v, and |v|” are
locally conserved (2.3) by each term in the sum (6.31) is evident from
(6.27). That this operator satisfies the local dissipation (2.6) can be seen
from

(log FE(F)) = Z nilog F(.dy — F))

K F
Z <10g< >(J//A_—F)><0 (6.32)
M,

As each term of this last sum is nonpositive, the only way the sum can
vanish is if each term vanishes. This will happen if and only if the k=1
term vanishes because in that case one must have F=¢, which would
imply all the other terms would also vanish. Hence, the H-theorem (2.8) is
satisfied. From this one can argue that the only locally conserved quantities
are those in E, thereby establishing (2.4). Finally, the translational and
rotational symmetries (2.115 follow for each term in the sum (6.31) from
the fact that, being admissible, each M), satisfies condition (II) of (4.2).

The linear operator %, defined by (2.14) can be computed from
(6.30) as

X
Lo=vi(F=A)+ ), (ve—Ve NI =)

k=2
K-1
= Y VG 1 — L) V(I — ) (6.33)

k=1

where Z, is the orthogonal projection onto M, in H 4, which is given by
#.g=m{mm/> " '(m; Eg) (6.34)

It is evident from (6.33) that %, is a bounded self-adjoint operator and
over H, that its spectral decomposition is given by the last sum in (6.33).
The nonzero eigenvalues of %, are the v, and their corresponding
eigenspaces are E, =M, ,, © M,, the orthogonal complement of M, in
M, ,,, where we understand M, = M. The orthogonal projection onto
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E, in H, is then %, —%. From these observations it is clear that the
pseudoinverse of &£ is

K—1 1 1
Lt =Y (B~ B+ — (I =) (6.35)

k=1 Vi Vi

Moreover, the components of the matrix 4 and vector B are eigenfunctions
of %,. The inequalities in (6.21) are therefore equalities, and the correct
Navier—Stokes behavior will be recovered.

The linear space M =span{l,v,v v v, |v|’y, |v|*} generates the sim-
plest such closure that recovers the correct Navier-Stokes approximation.
The dimension of this space is (D + 1)(D +4)/2 in general, and is 14 for
D =3. One takes as the collision operator (6.24), for which one obtains

D+2
—;—”TQ(]—%) (6.36)

Ls =/£(,@¢—,@J)+
u
where Z, is the orthogonal projection onto G =span{1, v, v v v} in H, of
the form (6.34). It can be shown that this agrees with the diagonal
approximation of Grad for the 13 moment closure (4.5). More generally,
Y, given by (6.33) has the form of a Grad diagonal approximation for a
higher order moment closure. The problem of generally determining the
relaxation rates v, in (6.33) is exactly the same one that Grad faced. One
possibility is to choose them so as to match the Chapman-Enskog expan-
sion to higher order than the Navier-Stokes correction. This remains to be
done.
Given some choice of the v, {hence, of the 5,), the moment closure
collisional relaxation term (4.14) can be evaluated as

K
r*(a) =<mé(M(@)) = ), m(hk(a)—hi(e)) (6.37)

k=1

Similar to the problem we faced in the evaluation of the moment fluxes
j¥(a) in the moment system (4.16), the practical implementation of this
expression requires only a differentiable evaluation of the scalar function A*
in terms of a’ Suppose that this can be done through a combination
of asymptotics and numerics. Then, given a value of p, it follows from
(6.27) that the values of the a, can be obtained numerically by solving the
restricted minimization problem

min {#*(a)—a’p: a’'meM,} (6.38)

a
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This can be done by the same procedure used to solve the minimization
problem (4.33) for a. The resulting a«, can then be used in (6.37) to
evaluate the collisional vector r*. Hence, the practical implementation of
the collisional terms in (4.16) is no more difficult than that of the fluxes
and is usually a good deal simpler, a fact illustrated by the explicit
formulas that arise when using the collision operator (6.24).

Finally, the dissipation properties of this r* may be seen directly from
formula (6.37). Upon using (6.27b), one obtains

a’r*(a neo” (h¥w,)—h¥(a))

K
=%
k=1
K
= Z nle—a) T (hi(a,) —hi(e)) <0 (6.39)
k=1
which verifies the local dissipation relation (4.23) because the convexity of
h* implies that each term of the last sum in (6.38) is nonpositive. Similarly,
the H-theorem like equivalences (4.24) can be seen directly. Indeed, the
only way the last sum can vanish is if each term vanishes. This will happen
if and only if the k=1 term vanishes because in that case one must have
a=a,, whereby a’meE and all the other terms would also vanish. Hence,
the characterization of equilibria (4.24) is satisfied.

7. GENERALIZATIONS

The prescription of Sections 4 and 6 may be generalized to a wide
class of kinetic equations. Consider a gas of particles such that the possible
state p of a particle at a given location x takes on values in a set P.
Associated with each state pe P is a velocity v=v(p)e RP, which is the
velocity of a free particle in state p. At the kinetic level a gas is described
by a nonnegative function F{(z, x, p) that represents the density of particles
with position x and state p in the single-particle phase space at time 7. The
evolution of F(¢, x, p) is assumed to be governed by a kinetic equation of
the form

0,F+v-V F=%(F) (7.1)

Here the interaction of particles through collisions is modeled by the
operator ¢ that acts locally {(only on the p variable) and is generally non-
linear. Indeed, it is a nonlinear operator acting on its domain Z(%), a sub-
set of functions over P that take values in R, .

A map e=e(p) in R is said to be a locally conserved quantity for the
collision operator ¢ whenever

(e¥(f)) =0 forevery fe2(¥) (7.2)
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The set of all conserved quantities of € is a linear subspace of R which
is assumed to be nontrivial. Let E be the dimension of this space and
{e;(p): 1<i<E} a basis. Denote the vector-valued map from P to RE
whose components are these basis vectors by &=2¢&(p). Vectors in RZ will
be denoted with arrows. Thus, e =e(p) is a locally conserved quantity for
% if and only if

e=f"¢ forsome feRE (7.3)

The vector of locally conserved quantities € leads to a set of local conserva-
tion laws, satisfied by every solution F= F(¢, x, p) of the kinetic equation
(7.1), that take the form

9(EF> + V., - (veFy =0 (7.4)

Here {€F) and (véF) are called, respectively, the conserved densities and
fluxes corresponding to é.

The concepts of equilibria, conservation, and dissipation are then tied
together by that of entropy. A map n=#5(f) over R is called an entropy
density for the collision operator ¥ whenever

am(f)6(f)> <0 forevery fe (%) (7.5)
and for every fe @(¥) the following are equivalent:

(1) 9 n(f)6(f)>=0
(i) €(f)=0 (7.6)
(i) 9 n(f)=p"¢  forsome feR~

An entropy density is called convex if the map f+ #(f) is strictly convex
with d,n(f)>0. Requirement (7.6) merely abstracts some of the conse-
quences of Boltzmann’s celebrated H-theorem.'” It states that the local
equilibria of € are characterized by the vanishing of the entropy dissipation
rate and are given by the class of densities determined by solving equation
(1ii) for f. Indeed, as will be shown below, the form of the local equilibria
depends only on # and E, and is completely independent of all other details
of the collision operator.

For the classical kinetic theories of Section 2, the quantity 5(f)=
flogf— f was an entropy density. Other examples of such entropy den-
sities are

n(f)=flog f+(1—f)log(1—/)
n(f)=flog f—(1+f)log(l +f)

(7.7)
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which arise for gases that satisfy Fermi—-Dirac or Bose—Einstien statistics,
respectively.

An entropy density 5 leads to a local dissipation law for solutions
F=F(t, x, p) of the kinetic equation (7.1)

On(F)> + V- on(F)) ={amm(F)€(F)> <0 (7.8)

Here {#{(F)) and {vn(F)) are called, respectively, the entropy density and
entropy flux, while {3 #(F) 4(F)) is called the entropy dissipation rate.

Equation (iii) of (7.6) can be solved for the local equilibria in terms of
the Legendre transform of #, which is denoted by #* =n*(y) and is defined
implicitly through the relations

n*y)+n(z)=yz, y=0.n(z) (7.9)

The strict convexity of » ensures that the second equation above can be
solved for z in terms of y, thus allowing the elimination of z from the first
equation. It is easy to verify the dual nature of this transformation by using
implicit differentiation to check that z=29,7*(y); it is then clear from (7.9)
that the Legendre transform of #* is again ». Hence, relation (iii) is equiv-
alent to

(iv) f=0,1*f"e) for some feRE (7.10)
The generalization of (4.8) is then
(o) =0,n*(a"m) forsome acRM (7.11)
The corresponding density and flux potentials are given by
h*(@)={(p*(a’m)),  j*(a)=Cop*(a'm)) (7.12)

Given this, the generalization of the moment closure prescription is
straightforward.

Remark. Many kinetic equations admit more than one convex
entropy density. Indeed, for linear kinetic equations it is often the case that
any strictly convex function of f satisfies (7.6). In such cases the closures
one obtains from different entropy densities can be quite different.

8. DISCUSSION

The preceding theory should be considered as a starting point for
further study. Three general avenues of investigation are evident: its practi-
cal implementation, the nature of its approximations, and its mathematical
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foundations. Without trying to be exhaustive, a number of questions
related to these avenues are raised below.

The biggest obstacle to a practical implementation of the above theory
is the need for algorithms to efficiently evaluate the density potential A*,
defined in (4.13), and two of its derivatives as functions of a. The large
number of independent variables would seem to make tabular approaches
too storage-intensive to be practical. However, one approach might be to
approximate the integrals in (4.13) with discrete-velocity quadratures that
are designed so as to recover exact expressions when .#(a) reduces to a
Gaussian. Given a realizable value of p, the corresponding values of o and
h(p) can then be obtained numerically by iteratively solving the minimiza-
tion problem (4.33) using a nonlinear conjugate gradient method. Care
must be taken to ensure that each iterate remains within the cone M, over
which h* takes on finite values. This is a particularly important point
because the Maxwellians themselves are realized on the boundary of M. for
closures of higher order than Gaussian. Because #*(a) approaches + co as
a approaches any point on the boundary of M, that is not in M_, it is
easily seen that A* is not continuous at a Maxwellian. However, it is also
true that at a Maxwellian A* possesses one-sided derivatives of all orders
in directions interior to M, the first two of which are given by formulas
(4.15) and (4.17). The conjugate gradient method should use the quad-
rature approximation to these formulas. Convergence should be rather fast,
given a good initial guess for a provided by, for example, its value at the
previous timestep. If no minimum is found, then the given value of p was
not realizable and a new one should be computed with a smaller timestep.
Such a method has yet to be fully implemented.

The symmetric hyperbolic structure of the moment equations evident
in (4.16) lends itself to the practical implementation of generalized
Godunov numerical schemes. Such schemes require the development of
good approximate Riemann solvers. This might be achieved rather cheaply
given a quadrature approximation such as those described in the last
paragraph. One simply computes the flux at a given interface as the dif-
ference of the appropriate one-way fluxes of the-states on either side, where
the one-way fluxes are computed by quadrature over those velocities flow-
ing toward the interface. This approach would be most natural for a
Lagrangian implementation where the underlying quadrature set would be
naturally centered on the interface. Such an approximate Riemann solver is
much more dissipative than an exact one. Its usefulness needs to be tested.

A detailed analysis of the hyperbolic structure of the 35-moment
closure (all moments up to fourth order in three dimensions) has recently
been carried out by Gombosi et al.''>’ They found a remarkable factoriza-
tion of the characteristic polynomial of the system with slab symmetry in
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the near-Gaussian approximation and proceeded to classify all the charac-
teristic velocities as either genuinely nonlinear or linearly degenerate. Such
knowledge is needed to build more sophisticated approximate Riemann
solvers.

It should be remarked that care must be taken in differencing the
moment equations so as to recover the correct Navier—Stokes behavior in
the fluid dynamical regime.”**’ This is because that behavior results from
asymptotic balances in the moment equations for small mean free path that
must be maintained by the numerical approximation. Algorithms naively
based on splitting the convective and collisional terms will generally not
work. Approaches that address this problem are found in ref 24 and
references therein.

Practical implementation of the above theory also requires the
specification of boundary conditions. Of course, reflecting boundary condi-
tions are easily imposed. Moreover, one can also impose in-flow or out-
flow boundary conditions by simply specifying an external state and deter-
mining the flux at the boundary by (approximately) solving the Riemann
problem. This is exactly what most Euler simulations do now. It is not
clear that this treatment gives the correct boundary conditions in the
Navier-Stokes approximation. The development of more sophisticated
boundary conditions based on asymptotic boundary layer analyses requires
a perturbative reformulation of the systematics presented here. This is
being explored for the Gaussian closure in ref. 19.

Questions regarding the nature of the approximations in the above
theory fall into two general areas—namely, those relating to the modifica-
tion of the collision operator given by (6.31) and those relating to the form
of .#(a) given by (4.10). The most basic question regarding the collisional
approximation is the validity of replacing the true collision operator with
a generalized BGK operator of the form (6.31). This question should be
investigated in the context of Maxwell molecules. In that case the lineariza-
tions about a Maxwellian of both the Boltzmann collision operator and its
generalized BGK approximation are diagonal with respect to the Hermite
polynomials, and can therefore be made to agree rather well by a proper
choice of the eigenvalues v, in (6.33). One can then focus on the
approximation in the transition regime. For more general molecules it is
clear that the nature of the approximation is more violent even near a local
equilibrium. In that case one could hope that the v, could be systematically
chosen so as to, for example, match terms in the corresponding Burnett
and super-Burnett equations.

The closure strategy does not depend on the specific form of the
modified collision operator proposed in (6.31). Other forms that satisfy the
general properties put forth in Section 2 should also be considered,
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although it is not clear what those forms might be. For example, if
operators of the form (6.31) work well near local equilibria but not so well
in the transition regime, then one could. consider allowing the #, to be
functionally dependent on more than just p and 6. On the other hand, if
the form (6.31) does not work well near local equilibria, then a more
dramatic revision is needed.

Deeper questions exist regarding the justification for the chosen form
of ./(a) given by (4.10). This choice was guided only by entropy dissipa-
tion and conservation properties; no other knowledge about the dynamics
was used. In particular, the specific form of the entropy dissipation rate
(2.6) was not used. It would be natural to consider the role this functional
might play in an alternative closure strategy.

Finally, we turn to the mathematical foundations of the above theory.
Of course, being a symmetric hyperbolic system, the moment equations
inherit a local existence theory of classical solutions for initial data in the
Sobolev space H* for any s> D/2+1 (for example, see refs. 25 and 30).
One question to be addressed is whether the presence of collisional terms
allows one to establish global existence for classical solutions that are close
to a homogeneous equilibrium./"” Within the context of classical solutions,
one could also try to establish the validity of fluid dynamical approxima-
tions.'”’ A natural question also arises as to the sense in which solutions of
the hierarchy of moment equations approximate a solution of, say, the
Boltzmann equation. While it may be that one could prove something in
this direction, given our limited knowledge of classical solutions for the
Boltzmann equation, such a result could prove to be a bit academic.

Any theory of global weak solutions for the moment equations would
contain such a theory for the Euler equations of gas dynamics as a special
case. Because the latter question is open, so is the former; however, they
are likely of equal difficulty. Of course, given such a result, it is then
natural to ask the sense in which weak solutions of the hierarchy of
moment equations approximate DiPerna-Lions solutions of the Boltzmann
equation. Fluid dynamical limits should be reexamined in this context, too.

A less ambitious program would be to investigate special solutions to
the moment equations. The most important example of such would be the
shock profile. For the weak shock profile one should at least be able to
prove what is-known for the Boltzmann equation. On the other hand, the
existence of the strong shock profile is an open problem for the Boltzmann
equation that may be more tractable for the moment equations because
there it reduces to a question, albeit nontrival, about ordinary differential
equations. Indeed, while the entropy flux acts as a formal Lyapunov func-
tion for those equations, it is not bounded from below. Therefore, any
result on the existence of the strong shock profile would be interesting.
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